Abstract. In this paper we prove the existence of an unbounded sequence of sign changing solutions to a laplacian fractional and critical problem in the Euclidean space by reducing the initial problem to an equivalent problem on the Euclidean unit sphere and exploring its symmetries.
Introduction
The subject of nonlinear equations involving the fractional Laplacian operator has been widely investigate. The work of Chang and González [5] in conformal geometry inspired a lot of problems that involve this operator, see e.g. [15, 17, 18, 19] , and references therein for more on fractional operators. Consider then the following problem (−∆) s u = |u|
where, s ∈ (0, 1), (−∆) s is the fractional Laplace operator, 2 * s = 2n/(n−2s), n > 2, and D s,2 (R n ) denote the space of real-valued functions u ∈ L 2 * s (R n ) whose energy associated to (−∆) s is finite, i.e., If s = 1, we have (−∆) s = ∆ the classical Laplacian operator. In [13] , GidasNi-Nirenberg showed that any positive solution of the equation
which has finite energy, is necessarily of the form
where a > 0, x 0 ∈ R n . Damascelli and Gladiali [10] studied the problem of nonexistence of positive solutions for more general elliptic equations. Many people tried to show, without success, that all the solutions of (1.3), which are positive somewhere, are given by (1.4). However, Ding [12] showed that (1.3) has an unbounded sequence of solutions that are different from those given by (1.4).
For n > 2m, m ∈ N, Lin [21] , Wei and Xu [26] used the moving plane method to showed that all positive solutions of the polyharmonic problem 5) take the form
where C n,m is a constant depending of n and m. Later, Guo and Liu [16] generalized Wei and Xu's results. Following the same idea of [12] , Bartsch, Schneider and Weth [1] proved the existence of infinitely many sign-changing weak solutions for the problem (1.5). When s ∈ (0, 2n), Chen, Li and Ou [8] showed that the positive solutions of (1.1) are of the form
, and in [7] they generalized their results showing the nonexistence of positive solutions for a class of nonlocal equations. However, the existence of sign-changing solutions of ( 1.1) is not yet proven. Some works on the study of the existence of sign-changing solutions for some equations involving the fractional Laplace operator and for the fractional Yamabe problems can be referred to in [6, 14, 20, 22] , and the references therein. Motivated by these results we can state our main result as follows.
Theorem 1.1. There exists an unbounded sequence (u k ) in D s,2 (R n ) of sign changing solutions of (1.1).
Note that our theorem implies the existence of infinitely many distinct solutions to the problem (1.1).
The proof of our main Theorem consists of two main steps. Firstly, as always, we note that the symmetries of S n will play an important role. Hence, we reduce the problem to an equivalent problem on the Euclidean unit n-sphere S n . Then (see section 3), by using some standard variational techniques, we show how the latter problem can be solved.
2.
A problem on S n equivalent to (1.1)
Let S be the south pole of S n , and F −1 : S n \{S} → R n the stereographic projection, which is the inverse of
We recall that F is a conformal diffeomorphism. More precisely, if g R n denotes the flat euclidian metric on R n and g S n denotes the metric induced by the embedding S n ⊂ R n+1 , then the pullback of g S n to R n satisfies
Moreover, the corresponding volume element is given by
For a function v : S n → R, we may define
where
From (2.1), it is easy to see that
is the completion of the space of smooth functions C ∞ (S n ) under the norm . * induced by the scalar product
Hence, by construction, P is also an isometric isomorphism between (H s (S n ), . * ) and (H s (R n ), . s ). Next we note that ., . * is the quadratic form of a unique positive self adjoint operator in L 2 (S n ) which is commonly denoted by A 2s in the literature whose domain coincides with H s (S n ) and
This operator is the intertwining operator (see [23] ), formally given by
and it has the explicit expression
In order to show our main result, we consider the problem:
The following lemma constitutes the bridge between (1.1) and (2.4). From now on, solution means a solution in the weak sense.
Lemma 2.1. Every solution v of (2.4) corresponds to a solution u of (1.1) and
By the isometry of P and from Sobolev inequality in S n (see [3, 9] ),
Now, we will prove that u is solution of (
Clearly, (2.5) follows when we take ϕ = P v.
Existence of infinitely many solutions
From Lemma 2.1 we note that solutions of (2.4) are in one to one correspondence with the critical points of the functional
Recall that A 2s is adjoint and 2 * s = 2n/(n − 2s) is just the critical exponent for the embedding
s . Therefore, the functional J is well defined and differentiable in H s (S n ), but it fails to satisfy the Palais-Smale compactness condition in H s (S n ). However, applying the fountain theorem [2] , and the principle of symmetric criticality [24] we obtain the following.
Lemma 3.1. Let G be a compact topological group acting linearly and isometrically on closed subset
W. Ding considered an infinite dimensional closed subset X G ⊂ H 1 (S n ) and showed that the embedding X G ֒→ L p is compact. To show this compactness he used Sobolev's inequality for functions in H 1 on limited domains of R k , k < n, and some integral inequalities. In order to show the item (ii) of Lemma 3.1 we will use the Sobolev's inequality in fractional spaces H s (see [11] ), but this inequality involves an double integral similar to the expression (1.2). Hence we need to give an expression of double integral in S n instead of the first integral of (3.1). This expression is given by (3.6) and we will give a brief proof. When s ∈ (0, 1), Pavlov and Samko [25] showed that
, and P.V. S n is understood as lim ε→0 |x−y|>ε . In order to remove the singularity of the integral we will use the following lemma.
Lemma 3.2.
There is a positive constant C = C(n, s) such that
Proof. First, let us estimate (3.3) on V ζ = S n ∩ {ω ∈ R n+1 ; |ω − ζ| < 1}, ζ ∈ S n . Consider the diffeomorphism
where B r (0) is the ball of center 0 and radius r, 0 < r < 1, and S = (0, −1) is the south pole of S n . Then R ζ • h maps V ζ diffeomorphically onto B r , where R ζ is an orthogonal rotation in R n+1 . Thus, there is a positive constant c 1 that is independent of ζ such that
and the metric matrices in the charts (
where I is the n × n identity matrix. Moreover,
< c , for all t ∈ (0, 1) and y ∈ B r , where c 2 is a positive constant. Then
where C = C(n, s) > 0 and ∇ S n is the gradient on S n . Now, let us estimate (3.3) on S n ∩ {ω ∈ R n+1 ; |ω − ζ| > 1}, ζ ∈ S n .
S n S n ∩{|ω−ζ|>1}
From (3.4) and (3.5) we get (3.3).
Since
by Fubini and dominated convergence Theorems, and Lemma 3.2 one gets,
Moreover, for all v ∈ C ∞ (S n ) we have
As H 1 (S n ) and H s (S n ) are the completion of functions C ∞ (S n ) in the norms . H 1 (S n ) and . * , then again by Lemma 3.2 and (3.6), we obtain that the embedding
is expressed as in (3.6) because of its dense set of smooth functions. Now, we consider as in [12] the set
where G = O(k)×O(m) is the compact subgroup of the compact Lie group O(n+1), k+m = n+1 and k ≥ m ≥ 2. For g = (g 1 , g 2 ) ∈ G, where g 1 ∈ O(k) and g 2 ∈ O(m), the action of G on S n is defined by g(ζ 1 , ζ 2 ) = (g 1 ζ 1 , g 2 ζ 2 ), where ζ 1 ∈ R k and ζ 2 ∈ R m . With this choice of G and by the continuity of
Then there exists a neighborhood U of ζ in S n and δ > 0 such that
Note that in the chart (U, h (Continuity) We may assume that S n is covered by a finite number of such charts, say (U α , h −1 α ), 1 ≤ α ≤ N , and that the metric matrices in these charts satisfies c
where c > 0 is a constant and I is the n×n identity matrix. Moreover h α is Lipschitz in h −1 α (U α ) and its Lipschitz constant no depending of α. Since the functions in X s G behave locally like functions of k or m independent variables in these charts, we have for r = k or m,
Making change vaviable we have 
where C = C(δ, n, r) > 0. From (3.8), (3.9) we obtain 
